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ABSTRACT: We study near-horizon limits of near-extremal charged black hole solutions
to five-dimensional U(1)? gauged supergravity carrying two charges, extending the recent
work of Balasubramanian et al. [fl]. We show that there are two near-horizon decoupling
limits for the near-extremal black holes, one corresponding to the near-BPS case and the
other for the far from BPS case. Both of these limits are only defined on the 10d IIB
uplift of the 5d black holes, resulting in a decoupled geometry with a six-dimensional part
(conformal to) a rotating BTZxS3. We study various aspects of these decoupling limits
both from the gravity side and the dual field theory side. For the latter we argue that
there should be two different, but equivalent, dual gauge theory descriptions, one in terms
of the 2d CFT’s dual to the rotating BTZ and the other as certain large R-charge sectors
ofd=4, N =4 U(N) SYM theory. We discuss new BMN-type sectors of the N’ =4 SYM
in the N — oo limit in which the engineering dimensions scale as N%/? (for the near-BPS
case) and as N2 (for the far from BPS case).
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1. Introduction and summary

According to AdS/CFT conjecture [, fJ] any state/physical process in the asymptotically
AdSs x S° geometry can be described by a (perturbative) deformation of N' = 4, d = 4
supersymmetric Yang-Mills (SYM) theory. A class of deformations of AdSs x S° are so-
lutions to ' = 2, d = 5 U(1)® gauged supergravity (the “gauged STU model”), for a
review e.g. see [, f]). Among these solutions there are geometries carrying charges under
some (or all) of the three U(1)’s. These are generically 5d black hole type solutions. It is
possible to uplift these solutions to 10d and obtain the corresponding type IIB solutions
which are constant dilaton solutions only involving metric and the (self-dual) five-form field
of IIB theory. These solutions which have been extensively studied from the gravity view-
point (e.g. see [{ and references therein) can be 1/2, 1/4, 1/8 BPS respectively preserving
16, 8, 4 supercharges. The 10d BPS solutions have been called superstars [f.

In the 10d picture the 1/2 BPS solutions correspond to smeared (delocalized) spherical
D3-branes [f], the giant gravitons [[f]. These are branes wrapping a three sphere inside the
S5 part of the background AdSs x S° geometry while moving on a geodesic along an
St € S° transverse to the worldvolume S? and smeared (delocalized) over the remaining
direction. The 1/2 BPS solutions are specified by a single parameter, the value of the
charge. In a similar manner the two-charge 1/4 BPS and three-charge 1/8 BPS solutions
can be understood as geometries corresponding to intersecting giant gravitons. The non-
supersymmetric cases then correspond to turning on specific open string excitations on the
supersymmetric (intersecting) giant gravitons.

Besides the (excited intersecting) spherical brane picture the 5d charged black hole
type solutions should also have a description in the A" = 4 SYM on R x S3. The 1/2
BPS case is described by chiral primary operators in the subdeterminant basis [J]. In a
similar fashion less BPS solutions correspond to operators involving two or three complex
scalars in the A = 4 vector multiplet [L(J]. The non-supersymmetric configurations when
the solution is near-BPS (i.e. when % < 1, where A is the scaling dimension and J is
the R-charge of the corresponding operators) then correspond to insertion of “impurities”
in the subdeterminant operators [{1-[LJ].

In this paper we intend to extend and elaborate further on the discussions of [
and focus on the two-charge solutions. Noting that for these solutions we have a simple
interpretation in terms of intersecting giants we pose the following question: Is there a
limit in which the (low energy effective) gauge theory residing on the intersecting spherical
brane system decouples from the bulk? In this paper we argue, by gathering supportive
evidence from various sides, that the answer to this question is positive. As the first and
very suggestive piece of evidence we show that there exist fwo such near-horizon, near-
extremal limits, one corresponding to the near-BPS case and the other to the far from
BPS case. In both cases there is an Xy j X S3 geometry where X M, is a global AdS3 or
an AdSs with conical singularity or a (rotating) BTZ black hole.

We use the existence of these decoupled geometries and the appearance of AdSs fac-
tors to argue that string theory on both of these decoupled backgrounds should have a
description in terms of a 2d CFT, which is living on the intersection of two sets of spherical



D3-branes, intersecting on an S! (cross time). Recalling that the geometry we start with
is an asymptotically AdSs x S° space-time we expect to also have a description in terms
of N'=4 SYM on R x S3. Explicitly, there should be a sector (sectors) of N' = 4 SYM
which is effectively described by a 2d gauge theory. We identify both the 2d gauge theory
and the corresponding sector in N’ = 4 SYM for the near-BPS decoupling limit. For the
non-BPS decoupling limit we identify the corresponding sector in N'= 4 SYM and discuss
properties of our conjectured 2d dual CFT.

This paper is organized as follows. In section [, after reviewing the 5d SUGRA charged
black hole solutions, we identify two extremal cases, the BPS solution and the non-BPS
black hole solution which has a null singularity. We then focus on the two-charge case, turn
on a “small” non-extremality parameter and take the “near-horizon” limit about these two
extremal solutions to obtain two decoupled geometries containing AdSs x S3 factors. In the
BPS case our solution is either supersymmetric or is a deformation of a supersymmetric
background and the deformation parameter can be continuously tuned to zero. This case
was discussed to some extent in but for completeness we have included it. In the
non-BPS case, the solution obtained after taking the limit is far from being BPS.

In section fJ, we compute the (Bekenstein-Hawking) entropy of the corresponding 5d
black hole and compare it against the same entropy for the 3d black hole and find an exact
matching for both the BPS and the non-BPS cases. We take this matching as an evidence
for the fact that in both cases we have a decoupled theory. This is of particular significance
especially for the non-BPS case. In this section we make both of the near-horizon, near-
extremal limits of previous section more precise by imposing the conditions under which
one can trust the classical gravity description of the geometry obtained after the limit.

In section ], we discuss a novel consistent reduction of 10d IIB SUGRA to a six-
dimensional (super)gravity theory which besides the metric, involves a two-form and a
scalar field with a non-trivial potential. Moreover, we also examine the Sen’s entropy
function method [[4] for computing the black hole entropy in 10d, 5d as well as 6d and 3d
viewpoints. We show that the 10d giant gravitons appear as strings, source of the two-form
field, in this reduced 6d theory.

In section ], we show that one can turn on the third charge in a perturbative manner
(keeping the third charge much smaller than the other two). In this way, repeating the
near-horizon, near-extremal limits on these three-charge geometries we obtain a rotating
BTZ black hole. We again have two options, taking the near-horizon limit on the near-
BPS solution or on the non-BPS, solution. We study the associated Bekenstein-Hawking
entropy of these solutions from 5d and 3d viewpoints and show that, similarly to the static
case, we obtain exactly the same result for the entropies.

In section [, we elaborate on the 2d and 4d dual gauge theory descriptions of the
decoupled near-horizon geometries for both of the near-BPS and far from BPS cases. The
2d dual gauge theory for the near-BPS case is closely related to standard the D1-D5 systems
upon two T-dualities, as in this case the radius of the spherical giant three-branes are scaled
to infinity and hence we are essentially dealing with two stacks of intersecting D3-branes
with worldvolume R x S' x T2 [[]. In the 4d language taking the near-horizon near-BPS
limit corresponds to N — oo, g%M = fixzed limit and working with the sector of operators



carrying two R-charges, with both of the R-charges and the scaling dimension A of order
N3/2 while A — 3. J; ~ N. This is a generalization of the BMN limit [[J] to the two-
charge case. The far from BPS case, however corresponds to a different sector of the N' = 4
SYM; to the sector which is far from being BPS and in which the scaling dimension and
the R-charges are of order N2 while taking N — oo and a certain combination of A and J?
scales as N. For the near-extremal decoupled geometry, we argue that there should be a
2d dual CFT description and identify the central charge and discuss some other properties
of this conjectured 2d CFT.

In the last section we give a summary of our results, outlook and discuss interesting
open questions. In two appendices we have gathered some useful computations and conven-
tions. In appendix [Al, we show the computations proving the consistency of the reduction
of the 10d IIB theory to the 6d theory discussed in section . In appendix B, we give a
concise review and fix conventions we use for the rotating BTZ and conical AdSs spaces.

2. Decoupling limits of near-extremal 5d black holes

In this section after reviewing the charged black hole solutions to five-dimensional U(1)3
gauged supergravity, and their uplift to 10d IIB theory, we present two different near-
horizon decoupling limits over the near-extremal black holes carrying two charges, one for
the near-BPS solution and the other for far from BPS configuration.

2.1 Charged black hole solutions in 5d

The black hole solutions that we consider in this paper were first obtained in the five-
dimensional context in [, [[7]. They are static charged solutions to A" = 2 U(1)? gauged
supergravity in five dimensions and hence are black hole solutions in the AdS5 background.
These solutions can be uplifted to ten dimensions as black hole (black-brane) deformations
to AdSs x S° [[l] (see [{] for a review). We will first review the ten-dimensional black-brane
solution.! The metric takes the form,

1

ds?y = VA ds? +
10 5 \/Z

dx? (2.1)

where
ds? = —— g2y dr? +r? dQ3 (2.22)
> HyHyH3 f ’
3
452 = 3" 12H; (du? + i [dos + ai dt]?) (2.20)
=1

I'We will follow the equations of [E], which corrects a typo in [E]



(H 1H2H3)1/ 3 dsg is the line element for the corresponding charged 5d black hole and dEg
is the metric for a deformed S°. In the above dQ% is the round-metric on the unit S® and

g gl (1
H =1+ 2 =1 2.3
=) o=z (1) (23
2 2 2 2
B woor . M1 Ko M3
f—l—ﬁ—FﬁHngH:g, A = H{ Hy Hs |:F1—I—F2—|—F3:| s (23b)
1 = cos by, Lo = sin 0y cos s, w3 = sinfy sinfy.  (2.3c)

As can be readily seen the ten-dimensional solutions asymptote (i.e. asr — o) to AdS5x S°
where the radii of both of the AdSs and the S° are L. The S° is parameterized with the
angles 01,0, ¢1, do, ¢3. In terms of the 5d U(1)? gauged SUGRA the three gauge fields are
given by the a; (B-3) [H].

The above metric represents a solution to 10d type IIB SUGRA with constant dialton
and with the following RR four-form gauge field

4 3
T ~ qi
By=——Adt Nd*Q— LY Gl (Ldg; — ~dt | Ad*Q 2.4
4 L . q; [ < (b q«z > ) ( )
where @€ is the volume form on the unit three-sphere. The physical five-form field strength

is obtained as
fg, = F5 + *F5, F5 = dB4 .

As 5d black holes the above solutions are identified with the physical ADM mass M
and charges §; which in terms of parameters of the solution p and ¢; are given by [[9]*3

G =V ai(p+ a) (2.5a)

s 3 3L2
M=——|zp+qa+@+eg+—/], (2.5b)
4G(5) 2 8
N

where Gg\?) is the five-dimensional Newton constant and is related to the ten-dimensional

one as
1

T35

The last term in the ADM mass expression (R.5b) is the Casimir energy coming due to the

Y =a(Y (2.6)

fact that the global AdSs background has a compact R x S3 boundary. yu is a parameter
which measures deviation from being BPS. For u = 0 case, ¢; = ¢; and hence ADM mass up
to the Casimir energy and factor of 7/ 4G§3) is equal to the sum of the physical charges and
therefore the solution is BPS. The BPS configuration with n number of non-vanishing ¢;’s
(n = 1,2, 3) generically preserves 1/2" of the 32 supercharges of the AdS5 x S° background,

except for the three-charge case with ¢ = g2 = g3 which is 1/4 BPS and corresponds to

2We would like to thank Alex Buchel, Mirjam Cvetic and Wafic Sabra for useful correspondence on the
notion of (ADM) mass in the AdS backgrounds for gauged STU supergravity models.

3See also [@] for a general discussion on the relation between the ADM mass and charge in the holo-
graphic setting.



a 5d AdS-Reissner-Nordstrom black hole RT]. All the supersymmetric BPS solutions have
naked singularity.

Black holes with regular horizons can only occur when p # 0 and hence are all non-
supersymmetric. For the pu # 0 cases depending on the number of non-zero charges, which
can be one, two or three, we have different singularity and horizon structures [, fl, 7.

As ten-dimensional IIB solutions, these black holes correspond to (smeared or delocal-
ized) stack of intersecting spherical three-brane giant gravitons wrapping different S3 € S°.
The angular momentum that each stack of giants carries is [f]

L

The number of branes in each stack is then given by

2J; w L% g

(2 (10) 27
N 2N g0 L

(2.8)
which could be understood noting that each giant, being a D3-brane and obeying the
DBI action, is carrying one unit of the RR charge in units of three-brane tension T3 =
1/(8m°13gs)-

Here we give a short review of cases with different number of charges.

e One-charge black hole. At p = 0 we have a null nakedly singular solution which
preserves 16 supercharges. As soon as we turn on u the solution develops a horizon
with a space-like singularity sitting behind the horizon.

The ten-dimensional IIB uplift of these solutions contain non-trivial five-form flux
and correspond to various giant graviton configurations [§j. The one charge case
with g = 0 corresponds to 1/2 BPS three sphere giant configuration wrapping an
53 inside the S° while moving with the angular momentum .J oc gq. This gravity
configuration, however, describes a giant smeared over (delocalized in) two directions
inside S° transverse to the worldvolume of the brane. Turning on g then corresponds
to adding open string excitations to the giant graviton while keeping the spherical
shape of the giant.

o Two-charge black hole. For 0 < p < pu. we have a time-like but naked singularity
where i = qaq3/L%. At = pi. we have an extremal, but non-BPS black hole solution
with a zero size horizon area (horizon is at 7 = 0) and r = 0 in this case is a null
naked singularity. As we increase p from p. the solution develops a finite size horizon
and the space-like singularity hides behind the horizon.

As ten-dimensional solutions, the two-charge case at p = 0 corresponds to two sets
of delocalized giant gravitons wrapping two S®’s inside S while rotating on two
different S' directions. The worldvolume of the giants overlap on a circle. If one of
the charges is much smaller than the other one a better (perturbative) description of
the system is in terms of a rotating single giant where as a result of the rotation the
giant is deformed from the spherical shape. As in the single charge case, turning on



1, especially when p is small enough, corresponds to adding open string excitations
while keeping the U(1) symmetry of the giants intersection.

For the extremal case at u = u. the brane picture is more involved. In this case we
are dealing with intersecting giants which are generically far from being BPS and
effectively we are dealing with a stack of giants with worldvolume R x S' x X5, where
¥, is a compact 2d surface inside the S°. Out of extremality, measured by p — pe,
then corresponds to excitations/fluctuations above this stack of giants. In the rest of
this paper we will study dynamics of a class of these excitations.

e Three-charge black hole. For 0 < p < p. we have a time-like naked singularity, the
singularity is, however, behind » = 0 (one can extend the geometry past r = 0).
At some critical p, 4 = p., we have an extremal solution with a finite size horizon
(function f has double zeros at some rj, # 0) [[7. For pu > . the geometry has two
inner and outer horizons.

From the ten-dimensional viewpoint the three-charge case corresponds to a set of
three smeared giant gravitons intersecting only on the time direction and the giants
in each set moving on either of the three S! directions in the S, which in (P-3b) are
parameterized by ¢;. Again if one of the charges is much smaller than the other two
a better description of the system is in terms of two giants intersecting on an S*, but
the third charge appears as a rotation on the S'. We will return to this latter case
in more detail in section .

2.2 The near-horizon limit of two-charge solutions

As discussed and reviewed in the previous subsection for the two and three-charge cases
we have extremal black holes. These extremal black holes can be BPS or non-BPS. One
may then expect that for both of these cases there should exist a “near-horizon” limit
in which the theory on the corresponding intersecting giants decouple from the bulk. To
study this we need to first analyze the near-horizon geometry for such extremal (or near-
extremal) solutions. Although in this paper we mainly focus on the two-charge case, we
discuss the three-charge case, when the third charge is much smaller than the other two,
in section f]. We analyze and discuss both of the two-charge near-BPS and far from BPS
cases in parallel. The near-BPS case has also been analyzed in [I].

To start the analysis let us choose the two non-vanishing charges to be ¢ and ¢3. In
this case the function f in the metric takes the form

2

fz%Jrfo—%, (2.9)
where
fo=1+ qz;%, (2.10)
and
.= %. (2.11)



We use the 5d metric to locate the horizon, which occurs where g"" vanishes, or at the
roots of /3 f. From (.9) it is evident that for y = p. we have a double zero at = 0 (for
W < e f is positive definite and for p > p. f has a single positive root). Therefore, at
i = p. we are dealing with an extremal black hole (or from 10d viewpoint, black-brane)
solution in which both horizon and singularity are at r = 0.

The radius of the S? in the five-dimensional metric is proportional to (H; HoH. 3)%7"2.
Only for the three-charge case, in the near-horizon limit » — r, # 0, we get a constant
term [R9]. For the two-charge case, the near-horizon limit r — 0 gives (QQQ3)%T‘§ which is
clearly not a product geometry. As we will show, however, the factorization happens if we
take the limit over the 10d solution and this is what we do here.

2.2.1 Near-horizon limit, the near-BPS case

As argued the BPS case happens when p = 0. In the near-horizon limit we consider in this
subsection, together with r — 0 we also consider u to be very small, explicitly we consider
either of the following limits []

® 111 ~ 1 case

= _1/2

r=ep, =€/ %x;,
5 i S (2.12)

M_MC:€M7 qi = €4;, 222737

while keeping p, ¢;, M, z;,¢;, L fixed. Note also that, as ,u% =1- ,u% — ,ug, in this limit
g1 =1+ O(e?). This limit corresponds to 0 ~ €'/2, 0y =fixed cf. (2-3c).
o py ~ pf #1 case
r= 6ﬁ7 92 = 97,0 - 61/2éi7 0< 610 < 7T/27
. 1 t ] (2.13)
M_MC:62M7 q; = €4q;, ¢Z:m<¢l_z>7 222737

while keeping p, ¢;, M, 9?, x;, L fixed.
As we can see in both of these cases

N2z BT He (2.14)
e

is kept fixed, u ~ €2 and hence the physical charges §; = g; ~ e.
Taking the limit we arrive at the AdSs x S3 x T* geometry

L2
ds* = € | R (dsiqg + dQ3) + ﬁdsa (2.15)
S
where
2 2 2\ 32 dpz 2 7.2
dspaqs = —(p” = )dr" + g + pdey (2.16)
ith
Wi L r 1 ;
— , T = —"t.
P ((J2(J3)1/2 € L



The S? radius R% and the four-dimensional metric als%4 have different forms for the
two cases:
o 11 ~ 1 case

R =\iogs,  dsp, = qilda} +xldy?) (2.17)

i=2,3

where ¥; = ¢; — %

o iy ~ ud #1 case

R = Vipdspl,  dst, = ) dilda? + (u) dv}) (218)
i=2,3
where 1 = sin#Qcos9, ud = sin#9sinf), dry = cos#9cosf9d; and drsz =

cos 09 sin 03d0; + cos 63 sin 09dfs.

In either case the C4 part of the geometry after appropriate periodic identifications is
describing a 7% and hence the solutions are AdS3 x S3 x T*. For 42 = —1 we have a global
AdS3 space, for —1 < 72 < 0 it is a conical space, for 72 = 0 we have a massless BTZ and
for 42 > 0 we are dealing with a static BTZ black hole of mass v2. (For more detailed
discussion see appendix[B.) These geometries are, upon two T-dualities, related to standard
the D1-D5 system and the corresponding arguments are applicable to this case [fl, BJ]. A
detailed discussion on the AdS3 x S3 geometries and the spectrum of supergravity /string
theory in AdS3 x S3 compactification may be found in [24] and references therein. We will
give a brief review in section [6.2.1].

2.2.2 Near-horizon limit, the far from BPS case
We take the following near-horizon decoupling limit over the far from BPS solution, while

keeping . fized, i.e.

T:6ﬁ7 t = s ILL—ILLC:€2M

o |

Gi © (2.19)
¢ = =, <Z5z'=7/1z’+qi—L?
where p, 7, ¢, ¥;, M, L are kept fixed while taking ¢ — 0. Taking this limit we also keep
¢;/L? and hence fo, p./L? fixed.

In the above near-horizon near-extremal limit, the leading contribution from functions
[, A, H; appearing in (R.1)) become

M 2 q2q3 1 ¢ 1
f:fO_?, A:,Ulla—'ej, HZ:?? (2.20)

The ten-dimensional metric (R.1) in the limit (R.19), after some redefinition of coordinates
takes the form

1
dsiy = 1 (Rigs, ds3 + R% dQ3) + ﬁldsf\,u (2.21)
where
2 2 2 2 dp2 25 2
ds3 = —(p” — pp)dr” + T ate de”, (2.22)
— Po



d3 is the metric for a round three sphere of unit radius and

L2
dsin, = g (92 (1l + 13 dv3) + gs (dpd + 3 dys3)] (2.23)

S

In the above
2 2 R%
Rs = \/q2q3 = V/ L i, RAd83 = %, (2.24a)
M

P = e (2.24D)

and the new coordinates p and 7 in terms of the original coordinates t,r are defined as*

Rg t p L T
T=c¢ -, =575 -
Rags, L RsRaqs, €

(2.25)

Note that p? =1 — u3 — ,u% and therefore p; is not a constant (in contrast to the near-
BPS case). As we see after the decoupling limit the metric has taken the form of a six-
dimensional part which is conformal to AdSs x S3 and a four-dimensional part conformal
to My which is a Kédhler manifold.

For p? > 0 the metric (2.23) describes a stationary BTZ black hole in a locally® AdSs
background of radius Rags, (B-24a) and of mass pg (B:24b). For p3 < 0, however, we have
an AdSs with conical singularity and the deficit angle 27(1 — §) where

g=H"FHe _ 2,2 (2.26)
MC

It is notable that the angle in the BTZ which is parameterized by ¢ is coming from
the part which was in the S® part of the original AdSs x S° background, while the rest
of the six-dimensional part of metric come from the original AdSs5 geometry; the My is
coming from the S piece. As mentioned the angle ¢ is ranging over [0, 27e], nonetheless
the causal boundary of the near-horizon decoupled geometry is still R x S*. To see this we

note that at large, but fixed p the AdSs part of the metric takes the form

ds ~ Rias,€p* (—dt* + dg?), (2.27)

where t is the (global) time direction in the original AdSs; geometry, and therefore the
causal boundary of this space is R x S*.
Metric (R.21]) is a constant dilaton solution to IIB SUGRA with the four-form field

By=—L? (G p3 dipo + 3 p3 dips) A d*Qs, (2.28)

where in the near-horizon, far from BPS limit (R.19)

_ q - a
B=a(1+5). @=d(1+75) (2.29)

4This scaling is a generic feature of near-horizon, near-extremal limits, e.g. see [@]
®Note that the angle ¢ is ranging over [0, 27e|.

— 10 —



The above four-form can be obtained from taking the decoupling limit (2.19) over the
four-form of the original solution (P.4).

It is interesting to note the similarities between this decoupled geometry and the
one given in (R.15)—(R.1§). The geometry (R.21)) is the much expected “global decoupled
solution” of [[]. In (R-1§) the radii of the AdS3 and the S® are equal while in (P-21)) they
are different. Moreover, the range of the ¢ coordinate in (2.2]) is [0, 27e] while that of ¢4
in (R.19) is [0,27]. As a side comment we note that, similarly to the original two-charge
extremal solution, the geometry obtained in the near-horizon far from BPS limit, even
when p = pe, is not preserving any supersymmetries of the 10d IIB theory.

3. Entropy of the two-charge solution

In this section, we first compute the entropy of the 5d black hole and take both the near-
horizon limits on it. Moreover, we argue how e should scale with N in both cases. We
then compute the entropy of the 3d BTZ black hole that is part of the geometry of the
near-extremal near-horizon limit, and show that it precisely agrees with the 5d entropy in
the same limit. This provides the first piece of evidence for the fact that this limit is indeed
a nice decoupling limit.
3.1 Black hole entropy, 5d viewpoint
To compute the Bekenstein-Hawking entropy of the two-charge 5d black hole we recall that
its metric is given by

ds? = —(Hy H3) ™3 fdt* + (Ho H3)3 (f~'dr? + r2d2Qs). (3.1)
Zero(s) of r4/3 f determine the location of the horizon(s). The area of the horizon is then

A = 27203 (HyHg) Y,y . (3.2)

The Bekenstein-Hawking entropy is

A(5)
SpH h(5)
4Gy
. ) a{”
Recalling that G’ = —f%5 , and that
(10) _ ¢ 6 28 4 _ 4
Gy~ =8mggls, L* = 4mwgsNI; , (3.3)
we obtain )
_ 1 A

As we see, once the area is measured in AdSs units L, the entropy generically scales like
N?2. However, one should remember that the area of the horizon also scales with e and
in fact in two different ways for the two near-horizon limits. Therefore, we discuss the
near-BPS and far from BPS cases separately. Before that, we should stress that the notion
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of black hole entropy is only valid when horizon area is not Planckian and we are in the
regime we can trust classical gravity description, explicitly that is when
(10)
Seu > 1, N S > 1 (07’ g? - S > 1). (3.5)

B

Moreover, one should ensure that all the curvature invariants remain small (in Planck or
string units).

3.1.1 5d black hole entropy of near-BPS case

In the near-BPS limit the horizon is located at

rh == e (3.6)
and hence .
- fi

S]évﬁ“r BPS — 7WL—§ N2e2, (3.7)

where v is defined in (R.14)), and ji. = p./€?. In this case the curvature components scale as
1/e (in units of L=2). Validity of classical gravity arguments then implies that one should

scale N to infinity as well: N ~ ¢~ ¢

, a > 1. This consideration is, however, not strong
enough to fix a. Noting the form of metric, that it has a factor of € in front and that one

expects the string scale to be the shortest physical length leads to
e~l?’=> N~e?. (3.8)

Once the above scaling of ¢ and N is considered, we see that the entropy (B.7) scales as
N ~ €2 to infinity.

As was argued in [, only a certain class of massless open string modes on the in-
tersecting giants survive the scaling (B.§). We will discuss in section f] that these modes
constitute the degrees of freedom of certain 2d CFT’s.

In sum, our complete near-horizon, near-BPS limit is defined as an o/ = (2 ~ € — 0

limit together with (P-12) (or (P-13)), while keeping L* ~ N2 fixed.

3.1.2 5d black hole entropy of the far from BPS case
In the far from BPS limit of (B.I9) to order €, we have

=Bl Lo (3.9)
fo
and hence [ P
SFarfromBPS — glc, 0 N26. 3.10
o e (3.10)

To ensure (B.J) and also demanding the curvature components to remain small (in 10d
string or Planck units) one should also send N — oo while keeping pg and p./L? finite.
This is done if we scale N ~ ¢ #, 3 > % . In our case, as we will discuss in section {, 3 = 1
is giving the appropriate choice,

N~el - o0, (3.11)

In sum, in our limit we keep L, gs, ¢;/L? and pp finite while taking I2 ~ N=! ~ ¢ — 0.
Similarly to the near-BPS case of section B.1.1, in this case Spy ~ N — o0.
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3.2 The 3d BTZ black hole entropy, the far from BPS case

To work out the Bekenstein-Hawking entropy of the BTZ black hole obtained after taking
the limit we should have the relevant three dimensional Newton constant. To this end, we
show that there is a consistent reduction of the 10d IIB theory over My to a six-dimensional
(super)gravity theory. Computations showing the consistency of the reduction are given in
the appendix [A]. The Newton constant of this six-dimensional theory is ([A.H)

6) _ @ — @ (3.12)
N = %2 4 N2 :
and its action is given in (A.I§).

As will be shown in the next section, the geometry we obtain after taking the limit
is BTZx .S solution to this 6d theory. One can hence make a further reduction of this 6d
theory on the S3 to obtain a 3d gravity theory. Similarly to the standard case which e.g.
was discussed in [Rd], this 3d (gauged super-)gravity has SL(2, R)? gauge symmetry (for
the pure gravity) and a gauge group which has U(1)r x U(1)g as its sub-group. Noting
that in our case the radius of S3 is Rg, the corresponding 3d Newton constant is

(6) (10) -1
e KIS ) R 2]\[2-17%—?é . (3.13)
N om2RY T mALARY L4

The Bekenstein-Hawking entropy of the corresponding BTZ is then given by

AB)
Sih =
4Gy

where A®) is the area of horizon for the BTZ black hole. For the far from BPS case that is
A®) = 27eRaqs, po. (3.14)

In computing the area of the horizon of the BTZ black hole (B.14) one should recall that
¢ which parameterizes the horizon circle is ranging from 0 to 2we (R.19). Therefore,

RaasRY

3
51(3) =T

poN?e, (3.15)
which is exactly the same as (B.1() once we recall that Raqs = Rs/v/fo and that
He = Ré/ L2,

The exact matching of the entropies of the 5d black hole and that of the 3d BTZ is
a strong sign of the fact that in the decoupling far from BPS, near-horizon limit we have
taken we have not lost any degrees of freedom.® This brings the hope that despite the lack
of supersymmetry we may still look for a dual 1+ 1 dimensional gauge theory descriptions.
We will return to this point is section fi.

51t is noteworthy that the horizon of the 5d black hole is 5% € AdSs while that of the 3d BTZ black hole
is an S! € S® in the original AdSs x S° geometry and hence is not present in the 5d black hole picture.
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4. The 6d analysis of the far from BPS solution

In previous sections we discussed two near-horizon decoupling limits of the two-charge 10d
black-brane solutions. For the near-BPS case it is immediate to check that the AdSs x S3 x
C4 obtained after the limit is again a solution to IIB theory. This is not, however, obvious
for the far from BPS case. In this section we discuss this issue through running (and in
fact generalizing and extending) Sen’s entropy function method [[4] for the 6d BTZxS3
geometry. In appendix [A], we show that there is a consistent reduction of the 10d IIB
theory to a 6d theory described in ([A.1§); hence showing that the BTZx S is a solution
to this 6d theory is enough to guarantee that the 10d near-horizon far from BPS geometry
is a solution to IIB theory.

In addition, using the entropy function method we compute the entropy of the near-
extremal BTZxS? solution as the near-horizon limit of a (extremal) black string solution
of this 6d theory and show that this entropy is exactly equal to the entropy of the 5d black
hole computed in section B.1.2. This is very suggestive that one may use this 6d (black)
string picture to identify the dynamical degrees of freedom of the dual 2d CFT description.

To run the entropy function machinery we start with our 6d (super)gravity ac-

tion (A-13):
V XV, X 4 1 1 »
g ] =V [R(G “TW(“})?XQFWW - (4D

The next step is the near-horizon field configuration, which for extremal black holes (and

167TG

black strings) is an AdS,, x S™ geometry. In our case, however, we have a BTZ xS solution.
Recalling that the Riemann curvature for a (rotating) BTZ black hole (which is the most
general 3d black hole geometry) is the same as the Riemann curvature for AdSs, we may
use the standard steps of the usual entropy function method. We will comment more on
this issue in the discussion section.

The ansétz for the field configuration is

2 _ 2 2\ 7.2 dp* 23 2 2
ds® =i — (p° — pp)dr” + ———= + p dp” ) + v2dQ3 (4.2a)
pP™ — Po
F = e vol(AdS3) + p vol(S?) (4.2b)
X =u = const, (4.2¢)

where vol(AdS3) and vol(S3) are respectively the volume forms of AdS3 (or BTZ black
hole) and the three sphere of unit radius. vy, vo, e and u are constants to be determined
by the equations of motion in terms of the electric charge Q.,

(V)

e = 4.3
Q 871'2 S3 aFTng ( )

where the above integration over an S® of unit radius, and the magnetic charge Q,,, which
is equal to p. The equations governing these parameters are obtained from variation of the

— 14 —



entropy function F which is defined as
1 1 oL
F(Ui7e7u;Qeap:Qm) = 7/d"1:H _g(ﬁ) _FT I/—_E ) 44
1660 V=9 (5Fn OF yyu ) (4.4)

the % factor has appeared because we are dealing with a two-form field and {z'} is the
four-dimensional horizon of the 6d (presumably) black string solution. For us and in
metric (f.2a), this is S x S where S' is a circle of radius py parameterized by ¢ € [0, 27e].”

Plugging the ansitz ({.9) into ({.4) we find

™ poe 1 s[6 6 4 1
F(Uiyeau; Qean) = Gg\?) EQe — Z(U1U2)2 [— - — 4+ ﬁ(u_‘_ E>:| +

3 3
) )))
2 V9 U1

Field equations which give values of v;,u,e in terms of electric and magnetic charges Q.

and Q,, are
8F(Ui7 €, U; Q67 Qm)
00;

After some simplifications the above equations take the form

i_i:_i<u+%>, (4.72)

=0, O; = {v;,e,u} (4.6)

va U L2
2 2
w7 %) 4
3
Q= (2) e (4.70)

It is readily seen that

V4295 u= |2 (4.8)

T oatas
1+ Q2Z-2q3 q3

V2 = /4243, v =
is a solution to ([.7) provided that
2 _ 2 43 2 _ 2 q2
QeZQ2<1+ﬁ>v Qm:q3<1+ﬁ>‘ (4.9)
In order to match our notations and conventions with those of previous sections we choose:

Qe = Go, Qm = gs - (4.10)

"It should be noted that gravity equations of motion, and hence the entropy function method, are local
differential equations and are hence blind to the range of coordinates e.g. the ¢ direction.
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The above provides a crosscheck that the BTZ x S? geometry obtained is indeed a solution
to our 6d theory and hence the 10d IIB theory. Moreover, it makes a direct connection
between the 6d charges Q., @, and the number of five-form fluxes (and hence number of
giants) in the 10d setting.

As discussed in section [}, in the 10d setting in the two-charge case we are dealing with
a system of intersecting giant three-sphere branes consisting of Ngp/2L? and Ngs/2L?
giants which are intersecting over a circle (the ¢ direction in our BTZxS? solution). In
the 6d setting, however, we are dealing with a system of strings along ¢ direction which
are electrically and magnetically charged under the three-form Fj. These (circular) strings
are the giant three-branes wrapping two cycles of the four-dimensional reduction manifold
My, one set of them are wrapping pe, 1o directions and the other us, s directions. The
tension of the 6d strings are then

N

T = Ty3(xL?) = 57 (4.11)
s

where we have used T3_1 = (27)31tgs, L* = 47ltg,N and that the volume of the two cycles
over which the three-branes are wrapping, are 7L? (see also [2q] for a similar discussion).

It is also notable that )
TO® = —— (4.12)

21/GY

In the near-horizon far from BPS limit as discussed in previous sections, we are taking
N — oo and this is done in a such a way that (cf. (B.11)) T ~ =1, In fact the choice
for the scaling of N with respect to €, (B.11]), was made requiring, similarly to usual near-
horizon decoupling limits e.g. see [, f, the 6d string length squared 1/27T: 5(6) to scale as €.8
Assuming that each string carries one unit of electric or magnetic charge,” the number
of electrically or magnetically charged strings are hence
72

q3
2’ 2

N =27T®Q, =N Np =27T9Q,, = N T3 (4.13)

8 Although the arguments of this section are mainly made having the far from BPS case in mind, for
the near-BPS case one may give a similar 6d description. The AdSs; x S® geometry obtained as near-BPS,
near-horizon limit is a solution to a 6d SUGRA in which there is no potential term for the scalar X, e.g.
see @] In this case the AdS3 x S® solution is the near-horizon limit of electrically and magnetically charged
6d strings. From the 10d IIB viewpoint, however, this corresponds to intersecting giants, which have two
of their directions on the 4d compact part Cs4 @] From this one may read the effective 6d string tension.
Recalling the form of metric after the decoupling limit () we have

Ts(6)|Near BPS ™~ T3€L2 ~ Ne/L2 .

In the limit we are taking, {2 ~ N2 ~ ¢ — 0 and hence the 6d and 10d string scales, as expected,
are going to zero in the same way. This could be used as an alternative way to argue for the choice made
in (@) This gives a uniform picture for both of the near-BPS and far from BPS limits, that in both of
the cases we scale the corresponding 6d string scale squared as € to zero while keeping L fixed and that,
certain massless fluctuations of these 6d strings are the degrees of freedom of the 2d dual CFT.

“Recalling the form of our 6d action (@) and that its vacuum solution is an AdSe of radius \/2/5L
with X = 1, the tension of electrically and magnetically charged strings are equal.
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which as expected is exactly the same number as the intersecting three-brane giants
(cf. (B-9)). As discussed earlier, the intersecting giant graviton system is not supersymmet-
ric even at the extremal point. In the reduced 6d gravity theory, however, we expect the
system of Ny electrically and N3 magnetically charged strings to form a “dyonic” (Q., Qm)-
type string state. The mass (squared) of this state, as usual BPS dyonic states, is sum of
the mass squares of electrically and magnetically charged strings (see (.1])). Number of
this dynoic strings is then the largest-common-divisor of Ny and N3. As Ny and N3 are
both scaling like IV, the number of the dyonic strings bound states formed out of these
strings is then expected to be scaling like N. These 6d dynoic (Q., Q. )-strings is briefly
discussed in the discussion section and more thorough analysis will be presented in [27].
As the final step in the entropy function prescription, the entropy of the black string
system (and hence that of the BTZxS® solution) is given by the value of the entropy
function ({.§) at its minimum, that is it is value at (..§), which is
3 3
mpoe  (v1v2)2

F(Qe=02,Qm =q3) = GE@’ Bt (4.14)

Recalling (1.§) and that R%,q = vi, R% = vq, we see that F(G2,q3) = Spu given in (B.10)
which is in turn equal to (B.15).

5. Perturbative addition of the third charge

So far we have discussed two near-horizon far from BPS decoupling limits of the two-charge
5d black hole type solutions. It is, however, possible to turn on the third charge. In this
case, again there are two possibilities for an extremal solution, the BPS case for which
p =0, and the pu = . case where the function f in the metric (P.J) has a double horizon
at r =1y, # 0 [[7. In the generic three-charge extremal but non-BPS case, unlike the two-
charge case, the horizon radius is non-zero and as discussed in [Pd] taking the near-horizon
limit leads to AdSs x S geometry with unequal AdSs and S® radii BT, see also Pg].

On the other hand, one may ask whether it is possible to add the third charge as a
“perturbation” to the two-charge system, that is adding the third charge ¢; such that in the
near-horizon scaling ¢; < g2, ¢3. If this is possible then one expects to find a rotating BTZ
black hole. In this section we show that indeed such a possibility can be realized for both
of the near-BPS and far from BPS, but non-BPS decoupling limits, respectively discussed
in sections and .2.9. We also extend black hole entropy arguments of section ] to
these cases.

5.1 The near-horizon limit: the near-BPS case

In this section we extend the limit defined in (P.19), (B-I3) by turning on the third charge

q1 in a perturbative manner, i.e.

Q1 = €41 (5.1)
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while keeping §; fixed. The rest of parameters are scaled the same as before. Let us first
consider the case corresponding to u; ~ uf # 1. In this case (cf. (£.3))

a1 1 — 1

H1:1+,62, alz—f ql(,u—i-cjl) m, (52&)
H; = e—l% i=2,3, A= 6—2% (12 (5.2b)
M J?
f:1_§+@ (52C)
where M is defined in (R.13), jic = G243/ L? and J? = 4G1G2G3/L? = 4ficGs.
If we redefine p as [f]
PP =0+ (5.3)
the metric takes the form
2F d 2 L2
ds? /e =0 [_p Rép) dt? + R%;PTP(,O) + R—%;ﬁ(dqbl +ardt)? + R?Sdszg]
L? 1 ~ 2 032 7,12 (54)
+ oy O 6 (/e + () *dv?)
s K1 i=2,3
where ¢); are as defined in (R.19), RY = G2ds and
M +2g 11(+q
Flp)=1- M+20 L alita) (5.5)

p? pt
In the above 1 = M + ¢2g3/L?. Note also that as discussed in section in this case
dp; /e =fixed.

The first line in the metric (5.4) describes an X,y x S3 space where X, ; depending
on the values of M? and J can be a rotating BTZ, conical space or global AdSs (see
appendix B for more detailed discussion). Radius of the AdSs background (measured in
units of \/€) is
2= 0R2.

The mass Mpryz and angular momentum Jpty (¢f. appendix B) is then'®

M+24  j+2§ i1 (f1 + ¢
2 _ A2 Q(a+aq)

- . 5.6
He He i (56)

We should stress that the above metric is a rotating black hole only when the extremality
bound Mpryz > Jprz holds (and also ¢ € [0,2x]). In terms of the parameters we have in
our solution, that is

M? > 441Gags/ L*. (5.7)

10T he physical angular momentum of the original 10d black-brane (or electric charge of the 5d black hole)
corresponding to ¢ charge, Ji, is related to JeTz as
N 2¢2 Pe
4 L2

We will comment on this relation in section 6.2.1, in (

Ji

JBTZ.
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Note that M can be positive or negative. The above solution is a black hole at (Hawking)
temperature (measured in units of /€f)

1

M? — 4G1G2q3/ L2 . —
Vv 1923/ o (M+2q1+\/M2—4q1q2(J3/L4)- (5.8)

2T pp fle

Itz =

For the special case of M? = 4G1G243/L? we have an extremal rotating BTZ which has
Tprz = 0.

When Mpryz < —Jprz < 0, we will have a sensible conical singularity (see appendix
B) only if (5.7) holds while M + 2¢; < 0, that is

M < -2 Maz(¢1, v/ 414243/ L?), (5.9)

and if v, 42 = Jprz — MpT7, is a rational number.
In sum, in order to have a sensible string theory description we should have

Mgprz — Jprz +1 > 0, (5.10)

and if 0 < Jgryz — M1z = 72 <1, v should be rational.

In a similar manner one can extend (R.19) to the case with non-zero ¢;. The result is
the same as (R.17) but the AdS; part is again replaced with a rotating BTZ.

It is straightforward to generalize the discussions of section fJ to this case and compute
the Bekenstein-Hawking entropy of the above 5d black hole solutions after taking the limit!!

i
SBH = 7TN262L—;ph. (5.11)
As we see the entropy, similarly to the static case of section B.1], scales as N2e2. The
curvature radii square, however, scale as /2. In order for the gravity description to be
valid, one needs to ensure e/? > o' or ev/N > (?/L?, which is fulfilled by taking L to be
parameterically larger than £, and scaling 2 ~ ¢ or equivalently N ~ ¢~2. In this case, the

entropy scales as N ~ €2 — oo0.

5.2 The near-horizon limit: the far from BPS case

In this part we extend the limit discussed in section in equation (R.19) by turning on
the third charge ¢; “perturbatively”, with the scaling

@ = €G- (5.12)

HNote that the expression for p? is nothing but

1
ph = B (MBTZ + 4/ Mary — J]%TZ)

yielding

1
pr =5 (\/MBTZ — Jsrz + VMpTZ + JBTZ) .

Therefore, we have a matching between the entropy of the 5d blackhole and that of 3d rotating BTZ.
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In this case, H; ~ 1 and A is given in (£.20) but now f is

J2

M 41 92 93 .
—fo— = 4L J2=14 —
f=ro 2 + 7

7 = g (5.13)

where fo =1+ qu#' After taking the above limit the metric takes the form
1
ds* = 1 [Riqg dspry + RE dQ3] + M—dMi (5.14)
1

where dM3 is given in (R.23), R‘é = ¢og3, Rids = R%/fo and

d 2
dszBTZ = —N(p)ah'2 + L + p2(d<p — N@d7)2 (5.15)
N(p)
in which
N(p) = p* — Mgtz + Ty _ Jerz (5.16)
p)=rp BTZ 107 o 9,2 .
with
M "
Mtz == w1z =2 fqu . (5.17)

Note that although the metric (5.1§) has the standard form of a rotating BTZ black
hole [R9] (see also appendix B) we should stress that the range of the angular coordinate
¢ is [0,27e]. The new time coordinates 7, p are related to the original 10d coordinates as
in (R.29). The above geometry has the interpretation of rotating BTZ only if N(p) = 0
has real solutions, that is when

M? > 4pe fods. (5.18)

The Bekenstein-Hawking entropy of the above rotating BTZ is

1 c 1
SBH = TTpp ﬁ% N?%e, pp= 3 (\/MBTZ + Jprz + v/ Mp1z — JBTZ> ; (5.19)

which turns out to be exactly the expression one would obtain after taking the decoupling
limit on the Bekenstein-Hawking entropy of the corresponding three-charge 5d black hole.

It is also immediate to see that repeating the entropy function analysis of section [ for
the rotating BTZ case, we will exactly obtain the entropy for the system of corresponding
6d black strings. The 6d analysis for this case is again suggestive of existence of 6d string
picture. We will comment further on this point in section p.2.9.

6. The dual gauge theory descriptions

So far we have shown that one can take specific near-horizon, near-extremal limits over 10d
type IIB solutions which are asymptotically AdS5. As such one would expect that these
solutions, the limiting procedure and the resulting geometry after the limit should have a
dual description via AdS5/CFTy. On the other hand, after the limit we obtain a space
which contains AdSs x S? and hence there should also be another dual description in terms
of a 2d CFT. In this section we intend to study both 4d and 2d dual CFT descriptions.
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6.1 Description in terms of d =4, N =4 SYM

In this section we first identify the operators of N' =4, d =4 U(N) SYM theory, by spec-
ifying their SO(4,2) x SO(6) quantum numbers, corresponding to the two-charge gravity
solutions discussed in earlier sections. We then translate taking the near-horizon, near-
extremal limits in the dual NV = 4 theory and identify the sector of the gauge theory
operators corresponding to string theory on the decoupled backgrounds for both of the
near-BPS and far from BPS cases.

According to the standard AdS/CFT dictionary [Jf], the scaling dimension of operators
A and their R-charge J; respectively correspond to the ADM mass and angular momentum
of the objects in the gravity side. Explicitly, for the two-charge case of our interest, the
operators are specified by three quantum numbers [fi, [il, Bg]:2

N2 /3
A—L'MADM—m<§M+Q2+QS>7

7L . N? §
Ji=+G=—% 5 -
4G5 2 L

(6.1)

where Mapy has the same expression as M (R.Jb) but the last term, the Casimir energy,
has been dropped. Operators in this sector are singlets of the SO(4) € SO(4,2). As we see
in both cases, if 1 and ¢; are finite, A and J; both scale like N2.

In both of the near-BPS and far from BPS limits we are taking the 't Hooft coupling,
A = L*/I% to infinity and one should not expect the dual 4d field theory to give a useful, i.e.
a perturbative, description. On the other hand, after BMN [[§], we have learned that the
effective expansion parameters of the 4d gauge theory may be different in sectors of large R-
charges such that for specific “almost-BPS” operators the effective (or “dressed”) 't Hooft
coupling and the genus expansion parameter remains finite. In this subsection we try to
extend the ideology of BMN to the new “almost-BPS” as well as “almost-extremal” sectors.

6.1.1 Near-horizon near-BPS limit, N'=4 SYM description

In the near-BPS limit case together with some of the coordinates we also scale p and ¢;
as €. As discussed in section (see also footnote f§) we need to also scale N ~ 2.
Therefore, in this limit A and J; of the operators scale as:

N2e

A= 5 (@t ds +O()/LF ~ N2 — o
& (6.2)
Ji= 5@ + O()/L* ~ N2,

That is, the sector of the N'=4 U(NN) SYM operators corresponding to the geometries in
question have large scaling dimension and R-charge, A ~ J; ~ N3/2. In the same spirit
as the BMN limit [[[§], one can find certain combinations of A and .J; which are finite and

describe physics of the operators after the limit. To find these combinations we recall the

2Tn our conventions the BPS condition in the gauge theory side is written as A = > Ji
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way the limit was taken, i.e. (£.13),'® and in particular note that'4

L0 0 0
ZLE = ZLE + Zizgzg 8@52 =A— i:§2’3 Jz (633)
.0 .0

_1—31/% = _Z—((?(éi =J; (6.3b)

Up to leading order we have

N2e2 i
A= Ji=— s
1=2,3 (64)
N2 §;
=
As we see A — Y J; scales as N2- N~! = N — oo, while J; ~ N3/2 and therefore the “BPS
deviation parameter” [B1]

m;wmewN—Wﬁo, (6.5)
Ji
and hence we are dealing with an “almost-BPS” sector.'® Moreover, A — 3" J; is linearly
proportional to non-extremality parameter ji. It is also notable that Spy (@) scales the
same as A — > J;.
To write (6.4) in terms of the gauge theory parameters we need to replace e for pa-
rameters of the gauge theory, which we choose

€= \/—N . (6.6)

In sum, the sector we are dealing with is composed of “almost (at most) 1/4 BPS” operators
of U(N) SYM with!6

A~ J;~ N2 A=g3uN ~N - o
Ji G 1 f (6.7)
N = 7o = fixed, A= ‘= 73 = fixed.

i=2,3

311 the near-BPS case we discussed two limits, p1 ~ 1 and pg1 # 1 O%@)' For the latter one also scales
1; with respect to ¢;. As a result, (@a) remains unchanged while (| ) is modified to —iaiwi =2,
In this section, however, we are only going to utilize (@a).

1n the Penrose-BMN limit, a la Tseytlin, the AdSs x S coordinates 7, 1) are related to the “light-cone”

coordinates 1,2~ as [@]
1 _
t==z", Pp=at — ﬁx
where R is the AdS radius which is taken to infinity as N'/4.
151t is instructive to make parallels with the BMN sector [@] In the BMN sector we are dealing with
operators with
A~J~NY2  while A—J = finite,

1/2 = 0.

implying that, similarly to our case, nmn ~ N~
5Note that the value for A — 3" J; read from the gravity side, via AdS/CFT, corresponds to the strong

’t Hooft coupling regime of the gauge theory.
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The dimensionless physical quantities that describe this sector are therefore ¢;/L?, i/L?
and gym.

To specify the sector completely we should also determine the basis we use to contract
the N x N U(N) gauge indices. This could be done by giving the (approximate) shape
of the corresponding Young tableaux. To this end we recall the interpretation of the
original 10d geometry in terms of the back-reaction of the intersecting giant gravitons and
that giant gravitons and their open string fluctuations are described by (sub)determinant
operators [, [[3, 13, Bll]. Here we are dealing with a system of intersecting multi giants.
The “number of giants” in each stack in the near-BPS, near-horizon limit is (R.§)

N; = Ne- L— — 9N'/2 zg , (6.8)

and therefore, A — % . J; = M :fc
Finally, let us consider the rotating case of section p.1], where besides J, J3 we have

also turned on the third R-charge Ji,

Ji=——=Vala +a). (6.9)

Aswesee A =3 o3Ji~J1 ~ N2¢2 ~ N — oo. (Note that in this case, as we have
also turned on the third charge ¢, A is not the expression given in (f.1)) and one should
use (R.H).) Instead of A — > i—3Ji it is more appropriate to define another positive
definite quantity:

3 G426 — S+ 20002 — 12
A—ZJ,-:N.<“+2‘11 VA 201) “) >0. (6.10)
=1

L2

It is remarkable that the above BPS bound is exactly the same as the bound (p.1(). This
bound is more general than just the extremality bound of the rotating BTZ black hole
Mptz > Jarz > 0. This bound besides the rotating black hole cases also includes the
case in which we have a conical singularity which could be resolved in string theory (cf.
appendix B and section 5.1). We will comment on this point further in section [p.2.1.

6.1.2 Near-horizon far from BPS limit, ' =4 SYM description

Since in the near-horizon, far from BPS limit of (R.I9) we do not scale p and g;’s, in this
case we expect to deal with a sector of N' = 4 SYM in which A ~ J; ~ N? and, as discussed
in B.1.4, N ~ ¢!. To deduce the correct “BMN-type” combination of A and J; which
correspond to physical observables, we again recall the way the limit has been taken, and
in particular

Rs t GiRads; T .
T = -, =y DA T o3 6.11
Faas, L bi = s WRs < (6.11)
Therefore, —iy 0 = ! 82) = J; and
0 Rags; i Rgs, 2 J?
= i = = + i = A— d 6.12
or € Rs 22:3 qi 8¢z € Rg 2 2:2223 qi (6.12)
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The last equality can be understood in an intuitive way. In the near-extremal case we
are indeed dealing with massive giant gravitons which are far from being BPS and hence
are behaving like non-relativistic objects which are rotating with angular momentum J;
over circles with radii R;, R? = %qi (2.23). Therefore, the kinetic energy of this rotating

branes is proportional to Y J?/g;. As discussed in section B. in our limit € ~ 1/N which
for convenience we choose

=~ (6.13)

Recalling that A is measuring the “total” energy of the system, then &£ should have two
parts: the rest mass of the system of giants and the energy corresponding to the “internal”
excitations of the branes. To see this explicitly we recall (B.1]), (R.5) and (£.11)), yielding

o Rus N u
Rg  4e L2

=& + Rads, | (27T M)
Rgs

(6.14)

where have used y = pi. + ¢2M (M is related to the mass of BTZ black hole (R.24)), and

o _ Paass RS
0 16L%

& which is basically £ evaluated at ju = ., is the rest mass of the brane system.!

(6.15)

7

& — &y which is proportional to TS(G)M corresponds to the fluctuations of the giants
about the extremal point. The fact that £—&; is proportional to TS(G)M indicates that it can
be recognized as a fluctuations of a 6d string. Recall also that from the 10d viewpoint, the 6d
strings are uplifted to three-brane giants with two legs along the M, directions. Therefore,
E — &y corresponds to (three) brane-type fluctuations of the original “intersecting giants”.

In sum, from the U(N) SYM theory viewpoint the sector describing the near-horizon
far from BPS limit consists of operators specified with

ANJZNN2, ANNHOO,
Ji @ E—& (6.16)
m = 2L2 = ﬁXed, = ﬁXed,

70One should keep in mind that at the extremal point the system is not BPS and hence the “rest mass”
of the giants system is not simply sum of the masses of individual stacks of giants and already contains their
“binding energy” (stored in the deformation of the giant shape from the spherical shape). Nonetheless, it
should still be proportional to the number of giants times mass of a single giant. In the 6d language, as
suggested in section E7 this corresponds to formation of a 6d (Qe, @ )-string. eq.(p.1), however, seems to
suggest a simpler interpretation in terms of dual giants [E] Inspired by the expression for the 10d five-form
flux and recalling that the IIB five-form is self-dual, the system of giants we start with, e.g. through SUGRA
solution (@), may also be interpreted as spherical three-branes wrapping S® € AdSs while rotating on S°.
After the limit, we are dealing with a system of dual giants wrapping the S® € AdSs x S3, of radius Rs.
The mass of a single such dual giant mo (as measured in Raqs, units and also noting the scaling of AdSs
time with respect to AdSs time) is then
mo _ _ Rg
RAd33 /6 o o L4

The number of dual giants is again proportional to N and hence one expects the total “rest mass” of the

T3 (21 RY) - N.

system mo to be proportional to N>R,
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where &, & in equations (6.19), (b.14) and (6.17) are defined in terms of A, J;.

As discussed in section .9 one may obtain a rotating BTZ if we turn on the third
R-charge in a perturbative manner. In the 4d gauge theory language this is considering
the operators which besides being in the sector specified by (B.16) carry the third R-charge
Ji, Ji ~ N%2e2 ~ 1. Explicitly,

2
%62 NG (6.17)

One should, however, note that in terms of the AdS3 parameters, since ¢ = €¢, then

J1 =

. .a_ .18_J1_N26Nc qQ
J=ig = s == 7 2\ (6.18)

As we see J, similarly to £ — &, is also scaling like N2¢ ~ N in our decoupling limit. When
J1 is turned on the expressions for the A and hence £ are modified, receiving contributions
from q;. These corrections, recalling (R.§) and that q; scales as ¢t (f.13), vanish in the
leading order. However, one may still define physically interesting combinations like & —
& £ J. We will elaborate further on this point in section .

Before closing this subsection some comments are in order:

e The remarkable point which is seen directly from (B.13) is that —€ is negative definite,
i.e. there is an extremality bound:

A=Y filtd) <o, (6.19)
where
2L2 J?
fz(Jz) = WE

(Note that one can express ¢; in terms of the J;’s but since the explicit expressions
are not illuminating we do not present them here.) This could be thought of as a
complement to the usual BPS bound, A — 5", J; > 0.

e We note that both £ — & and J scale as N2e ~ N which is the same scaling as the
black hole entropy (B.10).

e Finally, the system of original intersecting giants is composed of two stacks of D3
giants each containing N; = N % branes and N; ~ N — .

6.2 Description in terms of the dual 2d theory

As we showed in either of the near-BPS or far from BPS near-horizon limits we obtain a
spacetime which has an AdS3x S® factor. This, within the AdS/CFT ideology, is suggesting
that (type IIB) string theory on the corresponding geometries should have a dual 2d CFT
description. In this section we elaborate on this 2d description.
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6.2.1 Near-BPS case, the dual 2d CFT description

This case was discussed in [[] and references therein and hence we will be brief about it.
The metric in this case takes the same form as the near-horizon limit of a D1-D5 system,
though the AdSj3 is obtained to be in global coordinates. This could be understood noting
that the geometry P.1], in the two-charge case, corresponds to a system of smeared giant
D3-branes intersecting on a circle. In the near-horizon limit, however, we take the radius of
the giants to be very large (or equivalently focus on a very small region on the worldvolume
of the spherical brane) while keeping the radius of the intersection circle to be finite (in
string units). Therefore, upon two T-dualities on the D3-branes along the C4 directions the
system goes over to a D1-D5 system but now the D1 and D5 are lying on the circle (D5
has its other four directions along C4). The situation is essentially the same as the usual
D1-D5 system, e.g. see [, BJ] for reviews, with only an important difference [[f]. Here we
just give the dictionary from our conventions and notations of the usual D1-D5 system (for
a detailed review see [BJ]) and those of [B3, B3], and discuss the difference.

e Number of D-strings ()1 and number of D5 Q)5 are respectively equal to the number
of giants in each stack N2 and N3 (B.g).

e The degrees of freedom are coming from four DN modes of open strings stretched
between intersecting giants which are in (N3, N3) representation of U(N3) x U(N3).'8

e In taking the near-horizon, near-BPS limit we are focusing on a narrow strip on ua, 3
directions and hence our BTZxS? x C4 geometry and in this sense the corresponding
N = (4,4) 2d CFT description is only describing the narrow strips on the original 5d
black hole. Therefore, our 5d black hole is described in terms of not a single 2d CFT,
but a collection of (infinitely many of) them. The only property which is different
among these 2d CFT’s is their central charge. The “metric” on the space of these
2d CF'T’s is exactly the same as the metric on C4. Therefore, as far as the entropy
and the overall (total) number of degrees of freedom are concerned, one can define
an effective central charge of the theory which is the integral over the central charge
of the theory corresponding to each strip [[. To compute the central charge we use
the Brown-Henneaux central charge formula [Bj],

o 3 Rads
- 2GB)

and recall that in our case for each strip Rids = uR%, that GO x / )/ ,ugug
and effective total central charge is obtained by integrating strip-wise ¢ over the Cy.
Noting that the central charge of the usual D1-D5 system is given by 6(1 @5, and that

1
/ popzdpodus = 3’
3 +p

2
3<1

181t has been shown, from DBI action analysis [@] and using the description of giants in the N' =4 SYM
in [ﬂ], that similarly to flat D-brane case, when we have a N number of giants sitting on top of each other
the low energy effective field theory becomes a U(IN) gauge theory on the giant.
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the effective central charge of the system is

fe

cL:cR:c:3N2N3:12N-ﬁ.

(6.20)

It is notable that in our case the central charge ¢ ~ N — oo.

e In contrast to the results of ] e.g. eq. (2.22) or eq. (4.79) there, we should stress
that in our case the entropy, and hence the central charge c¢ are scaling like NV, as
opposed to N2 there. This difference appears recalling that in our case the entropy
scales as N2e? and that €2 ~ 1/N.

e As discussed in the appendix B the generic solution can be a rotating BTZ black hole
or conical singularity, if
M—-J>-1.

e The 2d CFT is described by Lg, Lo (respectively equal to the left and right excitation
number of the 2d CFT Ny, and Ng, divided by NoN3) which are related to the BTZ
black hole mass and angular momentum [BZ as

6 1 6

LO = ENL = 4(MBTZ — JBTZ), Ijo = ENR = (MBTZ + JBTZ)' (621)

-

The above expressions for Ly, Lo are given for Mprz — Jprz > 0 when we have a
black hole description. When —1 < Mp7z — J1z < 0, we need to replace them

with Ly = —iai, Ly = —2—C4a2_ (in the conventions introduced in the appendix
B) B2, Bf]. In the special case of global AdSs background, where a, = a_ = 1/2
formally corresponding to Mgtz = —1, Jgrz = 0, the ground state is describing an

NSNS vacuum of the N = (4,4) 2d CFT [B3, RJ.'° The expressions for Mprz and
JpTyz in terms of the system of giants are given in (@)

e With the above identification, it is readily seen that the Cardy formula for the entropy
of a 2d CFT

Soq cFT = 2T (\/CNL/G—I- \/CNR/6>

W (6.22)
=5¢ <\/MBTZ — Jgrz + /Mp1z + JBTZ>

exactly reproduces the expressions for the entropy we got in the previous sec-
tion, (B.11)), once we substitute for the central charge from (B.20) and Mgtz, JaTz

from (f.4).

e Although the entropy and the energy of the system (which are both proportional to
the central charge) grow like N and go to infinity in the limit we are interested in,
the temperature and the horizon size (f.§) remain finite.

19Tn global AdS, spaces, when p is odd the expression for the ADM mass has a Casimir energy @], for
AdSs, in units of AdS radius (R) , the Casimir energy is given by R/SGE\?).
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e It is also instructive to directly compare the 4d description discussed in and
the 2d field theory descriptions. Comparing the expressions for Mptz, Tz and
A — 22:273 Ji, J1, we see that they match; explicitly

A — Z J; = MBTZ + 1) J1 = EJBTZ (6.23)
1=2,3

This is very remarkable because it makes a direct contact between the 2d and 4d
gauge theory descriptions. The 4d gauge theory BPS bound, i.e. A —3>". 2320
now translates into the bound Mprz — Jgrz > —1. This means that the 4d gauge
theory, besides being able to describe the rotating BTZ black holes, can describe the
conical spaces too. In other words, A — ZZ 1Ji=0and N “2 respectively correspond
to global AdS3 and massless BTZ cases and when

3

j: fle
0<A— JZ< =N— 2

P 12 L

the 4d gauge theory is describing a conical space, provided that -,

2E12(A ZJ>

is a rational number. This is of course expected if the dual gauge theory description
is indeed describing string theory on the conical space background. One should also
keep in mind that entropy and temperature are sensible only when A — Z Ji 2 15;
for smaller values the degeneracy of the operators in the 4d gauge theory is not large

enough to form a horizon of finite size (in 3d Planck units).

6.2.2 Far from BPS case, the dual 2d CFT description

As discussed before, in the near-horizon limit over a near-extremal two-charge black hole
we again obtain an AdSs x S® in which the AdSs and S3 factors have different radii,
moreover, although locally AdSs, the coordinate parameterizing S' € AdSs is ranging over
[0,27e] = [0,87/N]. As such, one expects the dual 2d CFT description to have somewhat
different properties than the standard D1-D5 system. Based on the analysis and results of
previous sections we conjecture that there exists a 2d CFT which describes the 6d string
theory on this AdSs x S? geometry. This string theory could be embedded in the 10d 1IB
string theory on the background (p.14).

Here we just make some remarks about this conjectured 2d CFT and a full identification
and analysis of this theory is postponed for future works:

e This 2d CFT resides on the R x S' causal boundary of the AdS3 x S3 geometry (cf.
discussions of section p.2.9).2°

201t is worth noting that in terms of the coordinates ¢ and ¢; of the original AdSs background, as noted
in () we have a space which looks like a (supersymmetric) orbifold of AdSs3 @], by Z.-1, that is an
AdSs/Z ;4. 1t is desirable to understand our analysis from this orbifold viewpoint.
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e Noting (2.27), one may use the Brown-Henneaux analysis [BJ] to compute the central
charge of this 2d CFT

3RAqs,€ fe
= =12 N . 6.24
2G§3) L2/ fo (6.24)

As we see in this case the expression for the central charge, except for the 1/4/fo
factor, is the same as that of the near-BPS case (.2()]), and scales like N — oo in our
limit.

e The 5d or 3d black hole entropies given in (5.19) take exactly the same form obtained
from counting the number of microstates of a 2d CFT, i.e. the Cardy formula (6.29),
with the central charge (p.24) and Mgtz and Jprz given in (5.17).

e As discussed in section p.1.9, there is a sector of N' =4, d = 4 SYM which describes
the IIB string theory on the background (p.14). This sector is characterized by £ — &
and J. From (f.14) and (6.18) one can readily express the 4d parameters in terms
of 2d parameters, namely:

C C
— = —M = — 2
E—-& 12 BTZ 5 J e JBTZ , (6 5)

where c is given in (p.24) and Mgy, Jerz are given in (5.17). The above relations
have of course the standard form of the usual D1-D5 system, and/or the near-BPS
case discussed in section [B.2.1. Note, however, that in this case & — & is measuring
the mass of the BTZ with the zero point energy set at the massless BTZ case (rather
than global AdS3).

e As discussed in sections | and we expect the degrees of freedom of this 2d CFT
to correspond to 10d IIB string states on the AdSs x S® geometry discussed in (E7),
which in turn correspond to brane-like excitations about the extremal intersecting
giant three-branes. It is of course desirable to make this picture precise and explicitly
identify the corresponding 2d CFT.

7. Summary and discussion

In this paper we extended the analysis of [[]] and discussed in more details the near-
horizon decoupling limits of the near-extremal two-charge black holes of U(1)? d = 5
gauged SUGRA. We showed that there are two such decoupling limits, one corresponding
to near-BPS and the other to far from BPS black hole solutions. There were similarities
and differences between the two cases. In both cases taking the limit over the uplift of the
5d black hole solution to 10d IIB theory, we obtain a geometry containing an AdSz x S°
factor (or more generally a X/ s % S3 geometry, where X M, is generically a 3d stationary
spacetime the Ricci curvature of which obeying R, = —% 9uv)- Therefore, there should
be a 2d CFT dual description. On the other hand, noting that the starting 5d (or 10d)
geometry is a solution in the AdSs (or AdSs x S°) background there is a description in
terms of the dual 4d SYM theory. We identified the central charge of the dual 2d CFT’s
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in both cases and showed that the Bekenstein-Hawking entropy of the original 5d solution,
which is the same as the Bekenstein-Hawking entropy of the 3d BTZ black hole obtained
after the limit, is correctly reproduced by the Cardy formula of a 2d CFT, from which
we identified the Lg, Lo of the corresponding 2d CFT’s in terms of the parameters of the
original 5d black hole. Matching of the Bekenstein-Hawking entropy of the 5d and 3d
black holes is a strong indication that the near-horizon limit we are taking is indeed a
“decoupling” limit.

For the near-BPS case, the 2d description is essentially the same as that of the D1-
D5 system, modulo the complication that our background corresponds not to a single
N = (4,4) 2d CFT but a (continuous) collection of them, all of which have the same Lo, Ly
but different central charges. Nonetheless, one can define an effective central charge for
the system by summing over the “strip-wise” 2d CFT descriptions.

For the far from BPS case, however, we have a different situation; the conjectured
2d CFT description corresponds to a set of D3 giants which have a deformed shape and
as a result only certain degrees of freedom on the giant theory survive our (“a@’ — 07)
decoupling limit. In a sense, instead of intersecting giants of the near-BPS case, at the
extremal point (4 = p.) we are dealing with a (non-marginal) bound state of giants. This
could also be traced in the corresponding 6d gravity theory obtained from reduction of 10d
IIB theory (see appendix @) As discussed, the two species of the intersecting giants in
the 6d language appear as strings which are either electrically and/or magnetically charged
under the three-form F3. The bound state of giants in the 6d theory is then expected to
appear as a usual “(Qe¢, @, )-string”. The mass of this dyonic (Q, @ )-string state can
be computed working out the time-time component of the energy momentum tensor of the
system T} 00 for the AdS3 x S3 configuration. This has two parts, a cosmological constant
piece and the part which involves the three-form charges. The latter can be used to identify
the mass squared of the (Q., @,)-string, which is

M, g =T (N2gs + Nigl ) (7.1)

where gy = (X~2) is the “effective” 6d string coupling and N,, N,, are the number of
electric and magnetic strings and are related to Q., @, as ().21

To complete this picture one should in fact show that the 6d (Q., @, )-string discussed
in section Hl is indeed a BPS, stable configuration in the corresponding gravity theory.
Moreover, it is plausible to expect that our 6d gravity description is a part of a new type
of 6d gauged supergravity. This 6d theory is expected to be a U(1)? ' = (1,1) gauged
SUGRA with the matter content (in the language of 6d N' = 1): one gravity multiplet,
one tensor multiplet and two U(1) vector multiplets. This theory is nothing but a 6d
version of the d = 4, d = 5 “gauged STU” models (e.g. see [, f]) and may be obtained
from a suitable generalization of the reduction we already discussed in appendix [A]. The
two U(1) gauge fields A; are coming from replacing dy; in reduction ansétz (JA.1]) with
dx; + LA;. The details of this reduction and construction and analysis of this “6d gauged
STU” supergravity will be discussed in an upcoming publication 7).

2'Note that with the action (@) we are working in “Einstein frame” and the mass of fundamental string
mass squared is TS@gs.
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In section [ we gave a description of both the near-BPS and far from BPS cases in terms
of specific sectors of large R-charge, large engineering dimension operators. We expect these
sectors to be decoupled from the rest of the theory since they also have a description in terms
of a unitary 2d CFT. The near-BPS case has features similar to the BMN sector. In this
case, however, the sector is identified with operators of J; ~ N3/2 as opposed to J ~ N1/2
of BMN case. In the far from BPS case the operators we are dealing with are far from being
BPS and their R-charge J; (i = 2,3) scale as N2. Understanding these sectors in the 4d
gauge theory and computing their effective 't Hooft expansion parameters, namely effective
't Hooft coupling and the planar-nonplanar expansion ratio, is an interesting open question.
From our analysis, however, we expect there should be new “double scaling limits” similarly
to the BMN case. It is also desirable to give another supportive evidence for the decoupling
of these sectors by counting degeneracy of the states in both of these sectors in N = 4
SYM and matching it with the Bekenstein-Hawking entropies computed here.

Here we focused on the two-charge 5d extremal black hole solutions of U(1)? 5d gauged
supergravity. The U(1)* d = 4 gauged supergravity has a similar set of black hole solu-
tions [fl, B, B§]. Among them there are three-charge extremal black holes. One can take
the near-horizon decoupling limits over these black holes to obtain AdSs x S? geometries.
Again there are two possibilities, the near-BPS and far from BPS cases, very much the
same as what we found here in the 5d case. Detailed analysis of these decoupling limits is
what we present in an upcoming work [BY].
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A. Reduction 10 — 6

Here we present some of the details of the computations for the reduction of 10d IIB
supergravity to the 6d gravity theory discussed in section []. We start with the following
reduction ansétz for the 10d metric:

L2
dsagy = i dsfey + = D, X7 (dpf + i i) (A1)
i=2,3

where x; range over [0, 27],
pi=1—ps— 3, (A2)

and ds%ﬁ) is the 6d metric, x denotes the 6d coordinates;
X2X3 = 1, Xg(ﬂj‘) = X(:E) (A3)

and X (x) is the 6d scalar coming from the reduction. As it is seen from (A.J), 0 <
w; <1, i = 2,3. In what follows we will use Capital Latin indices M, N, P, ... for 10d
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coordinates, little Latin indices 4, j, k, . .. for the four-dimensional reduction manifold and
Greek indices p,v,... =0,1,...,5 for the 6d spacetime.

In the absence of the scalar field, i.e. when X (x) = 1, the reduction manifold My is
simply a four-dimensional ball of radius L and hence is not “compact” in the topological
sense. Moreover, the 10d metric for this case has a curvature singularity at pu; = 0. We
expect this singularity to be removed once the stringy corrections are considered. The
volume of the My is

2
T
Vm, = (277)2L4/M2/~63dﬂ2d/~63 = 7[/4 : (A.4)

Therefore the Newton constant of the 6d theory we are going to derive is
a0 ~(10)

(6): N _ N A
N = e (A.5)

Besides the reduction ansétz for the metric we also need to give the reduction anséatz
for the other fields of the 10d IIB theory. In our case we choose to turn off all the form
fields and the dilaton, except for the (self-dual) five-form of the IIB theory which is reduced
such that leads to a three-form Fj3 in 6d. Explicitly,

Fs = X(J+ AN Fsy +J- N F32), (A.6)
1
Jt = }dﬂg Adxs & X dp3 A dxs, (A7)
1+
Fip = — Sy (A.8)

where 74 (and F34) are the self-dual and anti-self-dual two-form (three-form) fields on the
My (in 6d) and Jy A J-— is its volume form. From the above reduction ansétz for five-form
it is evidently seen that Fj is self-dual.

To show that the above reduction ansétz for metric and the five-form really leads to a
consistent reduction of IIB theory to a six-dimensional theory we need to wok at the level
of equations of motion and show that set of 10d IIB equations of motion lead to a consistent
system of equations for a 6d gravity theory coupled to a scalar X and a three-form F3.
The IIB equations of motion relevant to our case are (e.g. see [f])

. 1
e.o.m for metric: RMN = % (F52)MN, (Fg)MNEFMp1p2p3p4 FNP1P2P3P4, (Ag)
e.o.m for five-form: Fy = xFj, dF5=0. (A.10)

It is notable that, as a result of self-duality of the five-form

2 Py P, P3 Py P
F5 = Fp pypypyps 7772777070 =0,

and hence the equation of motion for metric also implies R = Ry;ng™Y = 0, which in turn
is the equation of motion for constant dilaton for our ansétz.
Writing ([A.6) in components,

1 1
F5 = gFgu,,p dpd Ndxo AdzH Ndx¥ AdxP + gXQ(*Fg)Wp dpi Adxz AdaH Ndz¥ AdzP, (A1)
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it is evidently seen that the five-form equation of motion, dF5 = 0 implies the equations of
motion for the three-form:

dF3 =0 (A.12)
d(X? « F3) = 0. (A.13)
The metric equations of motion, decomposes into three independent set of equations;

the R,,u,, R,,u; and the R, components. Computing the 10d Ricci tensor with the
ansétz (AJ]) we obtain

1 [AX VX? 1
_ (10 _1
Ry = g,(mu)zz <ﬁ T ox2? + 72 (X-X )> (A.14a)
R R
G0 =~ —Go) (A.14b)
Gpapa Gusps
1 1
RGD =R + 25 (X +X 1) gll) — 55 ViXVuX. (A.14c)
The right-hand-side of the metric equations of motion is also computed as
16 X2 y
(F52)u2u2 = 9;812(22 [ FgquFgu P (A15a)
16 X2 ,
(F52)M3M3 = g;(i;(Bg T(*F?)) uup(*F?)) wep (A15b)
(Fsz)uu = 48X?2 (F3,u,p)\ ngp’\ + (<F3) pupa (%F3),, p’\) . (A.15¢)

Recalling that

F3 upx F3up/\ = (xF3) upA (xF3), " Ao 3 9(6) F3apx FSQP)\v (A.16)

F3up) Fsup/\ = —(*F3) upA (*F?»)up)\ )

We see that the uops and psus are consistent and become identical. (The y;x; components
are hence identical too.) This proves the consistency of our reduction ansétz.

In sum, the 10d equations of motion are all satisfied if 6d metric gfg,), X and the
three-form satisfy

6 —1y (6
R = X2 VXV X — 25 Lixtx Hg'd)
1 a
+ X2 <F3WA Fy A — S 9% Fyap Fy f’*) (A.17a)
AX VX? 1 X? i
X  3x2 L2 (X -X1H= =% F3 o0 FI7 (A.17b)
d(X?x F3) =0, dF3=0 (A.17c)
The above equations of motion can be obtained from the 6d gravity action
uw VuX 'V, X 4 X 2
d6 6) | RO) g ZHT_— V7 X+X N By, P | (A8
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To bring the kinetic term into the canonical form one may define the scalar field ¢ as
X =¢?

in which case the potential becomes 8 cosh ¢/L?.

B. Conventions for rotating BTZ and conical spaces

In this appendix we give a brief review of the definitions of all possible stationary 3d locally
AdS3 spacetimes, obeying R, = —%g“,,. The most generic solution is of course the
BTZ-type black hole

2 D2 rt4+2(a% +a? )r*+ (et —a?)? ,
ds® = R*q — 2 dt™+— 2 2N2 (2 22
r r4+2(al +a2)r?4(al—a?)

) 2
42 <d¢+%dt> }

where ¢ € [0,27]. Without loss of generality we can always assume a%r < a?. Tt is useful

r2

dr?
(B.1)

to introduce to other parameters

M M —
a? = —T+J, a? = — 1 J, J >0 (B.2)

We are then left with the following three possibilities (e.g. see [BJ])

° ai, a® > 0, corresponding to M < —J. In this case we are generically dealing with

a space with conic singularity. The special case of a; = a_— = 1/2 corresponds to
a global AdSs. For the generic case ay = a— = /2, where J = 0, the conic space
has the same line element as a global AdS3 but its ¢ coordinate is now ranging over
[0,277]. In string theory for rational values of v and only when v < 1 the conical
singularity could be resolved [3]. For the general case when a, # a_, the conical
space can be resolved in string theory only when a? is a rational number and 0 <
a? < 1/4 (we are assuming that a®> > a2 and that J € Z). In terms of M, J that is

—1<M~—J=—-%<-2J, vyeQ, JeZ. (B.3)

° a%r < 0, a®> > 0, corresponding to —J < M < J. The geometry is ill-defined and
cannot be made sense of in string theory.

° a%r, a® <0, corresponding to M > J, defines a rotating BTZ black hole of mass M

and angular momentum J [B9). For this case the black hole temperature (measured
in units of R) is
M2 — J2

1
— bl S M — B4
TBrz o PR=5 (\/M +J+V J> . (B.4)

The special case of a_ = a4 (that is the J = 0 case) corresponds to static BTZ black
hole. The a_— = 0 (or equivalently M = J) case corresponds to extremal rotating
BTZ which has zero temperature and finally the very special case of a_ = a; =0
corresponds to massless BTZ black hole.
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To summarize the above, the cases with integer-valued J and when M — J > —1 are those
which are sensible geometries in string theory. For the —1 < M — J < 0 resolution of
conical singularity in string theory also demands \/J — M to be a rational number.

As has been discussed in [23, B, [i0], [l] among the above cases M < —.J for any M, J and
M = J, M > 0 can be supersymmetrized. For the M < —J case the solution becomes
supersymmetric in a 3d gauged supergravity which has at least two U(1) gauge fields. In
our case to maintain supersymmetry one then needs to turn on the Wilson lines of both of
the U(1) (flat-connection) gauge fields. The two gauge fields which make the above metric

supersymmetric are then [@, , @]
AV =, (dt+dp), AP =a_(dt —do), (B.5)

where A1), A® are the flat connections of the two U(1)’s. For M = J, M > 0 no gauge
fields are needed to keep supersymmetry. Among the supersymmetric configurations the
global AdSs, that is when a; = a— = 1/2 keeps the maximum supersymmetry the 3d
theory has, with anti-periodic boundary conditions on fermions on the ¢ direction. The
massless BTZ case, that is when a4 = a— = 0, as well as the extremal BTZ (corresponding
to ai = a2 > 0) keep half of the maximal supersymmetry but with periodic boundary
conditions on the fermions on the ¢ direction [B]. The conical spaces also keep half of
maximal supersymmetry.
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